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For each integer n, denote by p, (1) the largest prime <n and by P,, (nm) the smallest prime >n, called as the Smarandache inferior 
prime part and superior prime part of n, respectively. Define I,, = ( 1/1) menP p (m) and S,, = (1/1) Y men? p (m). In this short note, 
we proved some estimates on I,,— S,, and I,,/S,,, answering a question proposed by Kashihara and improving a result of Yan. 


1. Introduction 


The properties of primes play a fundamental role in number 
theory; especially, the distribution of prime numbers in 
certain sequences has always been a hot topic. It is well 
known that if (h,k) = 1, the arithmetic progression 


kn+h, n=0,1,2,..., (1) 
contains infinitely many primes. This result is now known as 
Dirichlet’s theorem. Take another example; for any positive 
real numbers a and f, the set 


B(a,B) ={|na + B]: n € N}, (2) 


is called the associated Betty sequence (or Beatty set). For 
irrational a, it follows from a classical result of Ivan 
Vinogradov that the number 71,42) ~ (1/a)z(x). In 2020, 
Janyarak Tongsomporn and Jorn Steuding showed that, for 
positive real irrational number a of finite type, arbitrary real 
number f, and every b> 2, there exist a positive constant 
6, >0 and arbitrarily large x and x’ such that 


1, 
I] S*(d) = 2B (Bit1) (By+1),--- (6,41) 


d\n 


1+6 
Tp (ap) (X + Y) — Tp(a,p) (X) > a ie er 
1+5, y’ o 
+0, Y 
TE (ap) (x! + y') — TB (a,p) (x') ie a log ee 


where y = y(x) = (log x)’ and y’ = y(x’). 

In 1993, American-Romanian number theorist Florentin 
Smarandache published a book named Only problems, not 
solutions! In this book, he presented 105 unsolved arith- 
metical problems and conjectures about special sequences 
and functions, which can help us to analyze the properties of 
primes and the factors of integers. In 2019, Liu Miaohua 
studied the Smarandache dual function S* (m) is defined as 
n, that n factorial divide m, namely, is 


(4) 


They derived a formula of [[4q),,5* (d); that is, for any 
positive integer m, 


S*(m) = max{n: n € N,n!|m}. 


Pi!» Pi23, (5) 


m= 23h: ph, ph, p> 5.8 = lor2, 


m = 25 ph... 


where p; is different odd prime numbers and #; and f are the 
positive integers. 

Based on this, we now consider the following 
Smarandache problems. As usual, let p, be the nth 
prime. For each integer n, denote by p,(n) the largest 
prime <n and by P,(n) the smallest prime =n (see [1]), 
where Pp(n) and P,(n) are called as the Smarandache 
inferior prime part and superior prime part of n, re- 
spectively. According to these definitions, the following 
are obvious: 


(a) For each integer n, we have p,(n)<n< P,(n). 
(b) The integer 7 is a prime if and only if p, (n) = P, (n). 
(c) We have 
Pp(m) = Pn 
; 1 <MK< Pst). (6) 
| Ce (p Pnsi) 


Define 
1 
Ti = >. Pp(m), 


msn 


i (7) 
S,:=- ) P,(m). 


n m<n 


In [2], Problem 10, Kashihara proposed two problems 
about I,, and S,; 


(A) To determinate whether lim, ,., (J,,—S,) con- 
verges or diverges. If it converges, find the limit. 

(B) To determinate whether lim, I,,/S,, converges or 
diverges. If it converges, find the limit. 


Yan [3] proved that 
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for n —> oo, which implies an answer to problem (B): 


en te 
lim —=1. (9) 


In this short note, we shall continue a such study. Our 
aims is double. Firstly, we shall give a complete answer for 
question (A). Our proof shows that this problem is closel 
related to the quantity D(X) =) ccpncox (Pasi — Pn) = 
According to [4], it is conjectured that D(X)~X log X as 
X — oo. Our first result shows that lim, ,. U,,-S,,) 
diverges. Precisely, we have 

This short note will focus on these two problems. The 
first result in this paper shows that lim, .., (J, -S,,) di- 
verges. Precisely, we have the following theorem. 


Theorem 1. For any €>0, there is a positive constant C, >0 
depending on e such that the following inequalities 


1 
(rope )log nC, <1,-S, sc", (10) 
hold for n> 1. In particular, we have lim,,_,,, (I, — S,) = ©0. 


The second result in this paper improves Yan’s equality 
(8) considerably. 


Theorem 2. For any ¢>0, we have 


J (—13/18)+e 
<> 1+0,(n ), (11) 
as fl — OW. 


For comparison, we have (13/18) =0.722,... and 
(1/3) = 0.333,.... 


I _ 
= aqua O(n i, (8) 2. Proof of Theorem 1 
e In view of facts (a), (b), and (c) mentioned above, we have 
1 1 il 
1L,=— ¥ pp(m=- Y p, Y 1=— Y pepe Per) (12) 
n < n < = n < 
msn Pes pp (m)=Px Pen 
1 1 1 
ae ey P,(m) =— > Pr-1 Y ae by Pri (Pr - Pr-i)s (13) 
n & n ~ n 
msn Pen Pp(M=Pr1 Pen 
>. (193 
where we have made the convention that py = 0. From (12) = y ae (Pk - Pri) 2 (5 7 e)X log X, (15) 
and (13), we can deduce that ae 
l l for all X > Xp (e). Combining (14) and (15), we can derive that 
In-S,=— D) Pi (Pe Pki)- =D) Pia (Pr ~ Per) ; : 
Pesn Pysn I, ~Sp2o > > (PK - Pr-1) 
1 4 5 1<d<log (n/X, («))Mlog 2 n/24 < py <n/24 
=5 Y Pet Y Pea ~ 2 Y Pr-1Pk (14) ; is ae 
Prem Paen Prem > (5-2) ales (16) 
= 1 =. 2 n 1<d<log(n/Xo ()) Mog 2 4 2 2 
=| >, (Px - Pr-1)’- 
Pron 


According to Theorem 1, for any e>0, we have 


193 
=(=5-«)(M log n- E log 2), 
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where 


1 
M:= Y ie 
l<d<log (n/X, (e)) Mog 2 


(17) 
d 
b= 3 of 
1l<d<log (n/Xq (2) )Mlog 2 
By elementary computation, we have 
M=1+O0(n'! : 
(m) as 


E<«l. 


Then, inserting (18) into (16), we can obtain the first 
inequality in (10). 

On the contrary, according to [5], Heath-Brown proved 
that 


>; (Px = Bid) K noe (19) 


Pen 


for all n> 1. The second inequality in (10) follows from (14) 
and (19). 

The second assertion is an immediate consequence of 
(10). This completes the proof of Theorem 1. 


3. Proof of Theorem 2 


In view of (14) and (19), we derive that 


_ nol 18+ 
(Pe- Pri) =1+0 5) 20) 


+ ———=, 
Si S,f pen t 


On the contrary, formula (13) can be rewritten as 


it 1 1 
S.2— ), Pei== D Pe-= D) (Pe- Pes) (21) 


Pesn Pesn Pen 


By the prime number theorem, we have 


(n= 2). (22) 


By the Cauchy-Schwarz inequality and (19), it follows 
that 


; » (rads BAD. (nro) 
Peon 


Prom Pes 


1) 14(23/18)+e\ 1/2 
«(ni **) 
Knit, 
(23) 
From (21)-(23), we deduce that 
S,>=— (n2=2). 
nO Tee a (n= 2) (24) 


Inserting this into (20), we obtain 


I, _ (-13/18)+e 
si =1+0,(n ). (25) 


n 


This completes the proof. 


4. Conclusion 


The main results of this paper are two theorems involving 
Smarandache inferior prime part p, (m) and superior prime 
part P,(m). Theorem 1 establishes an inequality for I,, - S,, 
and shows that lim, ,,, (I, -— S,) = co. Theorem 2 estab- 
lishes an estimate on I,,/S, and obtains that (J,/S,) = 1+ 
O, (n@1318)#2) as n— > oo. These results represent new 
contributions to the research on the distribution of the 
Smarandache inferior prime part and improve the related 
results before. Of course, our methods can also be gener- 
alized to other problems of primes in integer sets. However, 
there are also many unsolved Smarandache problems to be 
explored, such as the properties of the determinant of 
Smarandache prime numbers. These open problems remain 
to be further studied. 
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